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N-Loop Treatment of Overlapping Diagrams
by the Implicit Regularization Technique
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We show how the Implicit Regularization Technique (IRT) can be used for the perturba-
tive renormalization of a simple field theoretical model generally used as a test theory
for new techniques. While IRT has been applied successfully in many problems involv-
ing symmetry-breaking anomalies and nonabelian gauge groups, all at one-loop level,
this is the first attempt at a generalization of the technique for perturbative renormaliza-
tion. We show that the overlapping divergent loops can be given a completely algebraic
treatment. We display the connection between renormalization and counterterms in the
Lagrangian. The algebraic advantages make IRT worth studying for perturbative renor-
malization of gauge theories.
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1. INTRODUCTION

Quantum field theoretical predictions of physical quantities should in princi-
ple be independent of the particular scheme used to renormalize the theory. The
renormalization program gets rid of the singularities by redefining the parameters
in the Lagrangian in a consistent way for a renormalizable model. In this process
we must also make sure that the relevant symmetries of the underlying theory are
preserved and must therefore avoid the appearance of spurious anomalies, which
otherwise would have to be controlled order by order in perturbation theory by
imposing symmetry restoring constraint equations.

As for the existing regularization schemes, while for the theories with low
symmetry content nearly all regulators do a good job, this is not the case for most
theories of particle interactions in which gauge symmetry, supersymmetry (SUSY),
and the like play a fundamental role. Dimensional Regularization (DR) (Bollini and
Giambiagi, 1972; 't Hooft and Veltman, 1972a,b) is an efficient and pragmatical
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method that explicitly preserves gauge symmetry. However in the presence of
dimension specific objects such a3 matrices, a suitable generalization of the
Dirac algebra must be constructed to be compatible with analytical continuation
on the space-time dimension. This is the case for the Electroweak sector of the
Standard Model. Since chiral symmetry is broken in this case, the corresponding
Ward—-Slavnov—Taylor identities must be imposed order by order, which makes
the computations beyond the one-loop order very hard.

For SUSY theories, due to the fact that the equality between Bose and Fermi
degrees of freedom only holds for specific values of the space-time dimension,
SUSY is broken in DR. A naive scheme (Dimensional Reduction) in which the
field components are left unchanged while the loop integrals are perfornted in
dimensions can be shown to be inconsistent, see Siegl (1980). Similar problems
arise in Chern—Simons field theories in which the Levi—Civita tensor is the three-
dimensional analog of the® matrix (Carringtoret al., 1999; Chaichian and Chen,
1998; Giavarini and Martin, 1992; Martin, 1990).

A particularly interesting regularization independent framework is the Differ-
ential Renormalization Program pioneered by Freedetaal. (1992). The basic
idea of this scheme is that renormalization comes from the fact that products of
propagators must be extended to distributions so that a Fourier transform is well
defined. Working in (Euclidean) coordinate space one writes the amplitude as a
derivative of a distribution less divergent at coincident points. The derivatives are
understood in the sense of distribution theory, i.e. acting formally by parts. The
amplitudes written in this way are identical to the bare ones for separate points
but behave well at coincident points. An intrinsic arbitrary scale appears in this
process which is used as a Callan—Symanzik renormalization group parameter.
The advantage of this method is that it works in integer space-time dimension, and
it has been shown to yield satisfactory results where it was teste;élggdéh etal,

1997, 1998, 1999; déiguila and RTez-Victoria, 1998; Hahn anceRsz-Victoria,

1999; Rrez-Victoria, 1998). However no general procedure using Differential
Renormalization beyond one-loop order, such that gauge invariance is automatic,
has been constructed yet.

Recently an essentially regularization independent procedure has been ad-
vanced (see Battistel, 1999; Battistet, al., 1998; Brizolaet al, 1999, 2002;
Sampaicet al., 2002; Scarpellet al,, 2001). It presents the same consistency as
Differential Regularization, working however in momentum space. It has been
recently shown that the method respects both abelian and nonabelian symmetries
at a few loops level and the infrared divergence can be treated by the same proce-
dure constructed for ultraviolet divergences, without any modification, as has been
shown for the gluon self-energy (Sampagbal., 2002). All these results indicate
that the method deserves further investigation, for example, the questidoaybs
and perturbative renormalization in a theory. Encouraged by the previous results,
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and aware of the difficulties of setting up a consistent scheme for perturbative
renormalization where there are already so many of them so well established, for
the sake of a complete evaluation of the Implicit Regularization Technique, we
take one step in this direction in the present contribution. Since this is a major
task, already pursued by several sophisticated schemes, we start by investigating
a simple but nontrivial theory (involving, e.g. overlapping divergences) to test our
method further. If it succeeds it will be a most important next step to construct a
perturbativen-loop renormalization scheme in the spirit and consistency of e.g.
BPHZ and others. For our present purposes we study specificaly; tieory, to

n-loop order.

The IRT is essentially regularization independent in the sense that a spe-
cific regulator needs never be used. A convenient identity at level of the inte-
grand enables us to rewrite the amplitude as a sum of three types of contribu-
tions namely local divergences (basic divergent integrals which characterize the
divergent structure of theory), nonlocal divergences typical of divergent substruc-
tures contributions), and finite contributions. The local divergences obtained in
this way are equivalent to those obtained by performing a Taylor expansion (like
in BPHZ) only for primitive diagrams, with no subdivergences. In the case sub-
divergences are present some more subtle differences between our method and
BPHZ should be pointed out: a) Taylor expansions modify the original Feynman
integrand; this procedure may therefore violate symmetries. We circumvent this
problem by means of using a mathematical identity, preserving thus the original
content of the original Feynman amplitude. b) In order to classify the subdiver-
gences, BPHZ uses graphic representation (forest formula). In our procedure we
identify, in terms of integrals, divergences which occurred at lower loop orders.
This avoids in particular the complicated topological graphs structures and sub-
stitutes this step by an algebraic procedure, (at least in this simple case) from
which the counterterms appear in a natural systematic way. Specific examples are
given in the text. Moreover, just as in Differential Renormalization, arbitrary lo-
cal terms can be duly parametrized and properly adjusted on physical grounds.
This is particularly important for finite renormalization in order to clear the cal-
culation of regularization ambiguities. Finally our framework lives in the integer
space-time dimension which avoids well-known problems with dimension-specific
theories.

2. RENORMALIZATION BY THE IMPLICIT
REGULARIZATION TECHNIQUE

In this section we extent a technique first designed for one (Battistel, 1999;
Battistel et al, 1998; Scarpellet al, 2001) and two-loop calculations (Brizola
et al, 1999) to proventh order renormalizability.
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In order to illustrate the procedure, consider the following divergent ampli-
tude, typical of one-loop order:

d*k 1 )
a (2m)* [(k+ p)? — m?](k2 — m?)’
The symbolA under the integral sign presupposes, as discussed, an implicit regu-

larization. Now, in order to separate the logarithmic divergence from the finite part,
we use the following identity in the factor involving the external momenfum

1 _i(—l)i(p2+2p-k)j

[(k+p2-m] o (-m)i+
(_1)N+1(p2 + 2p . k)N+1 (2)

(k2 — NIk + p)2 — 2]’

In the above expressidd is chosen so that the last term is finite under integration

overk. Notice also that in the first term in Eq. (2), the external momentum appears

only in the numerator and thus after integration it can yield at most polynomials in

p multiplied by divergences. For our present example we ri¢ed 0, since we
are dealing with a logarithmic divergence. We can rewrite (1) using (2) as

d*k 1 d*k p? +2p-k 3
2 ) AN T (R e [

Now only the first of these two integrals is divergent. The others can be easily
integrated out to yield

+

I +

| = og(m) = 71 ZolPs ) @
where
d%k 1
o™ = |, Gy 02— e ©
and
Zo(?, pz):/oldzln (pzz(l_——nfg—mz) ©6)

Note that, since no explicit form for the regulator has been used, one can make
immediate contact with other regularizations. Details of calculations of several
one-loop amplitudes and their associated Ward identities by using this method can
be found in Scarpeliéet al,, 2001.

By convenience we divide the diagrams which contribute to a given order in
two classes: the first which does not contain diagrams which possess two-point
functions as subdivergences and in the second class those which do.
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Let us start with the first class of diagrams. To show how the procedure
works it is enough to consider a general Feynman amplitude with one external
momentump, one coupling constarit, and one mass parametar We work in
the 4-dimensional space-time although the generalization to any integer dimension
is straightforward. We denote by q a sum of internal momé&nt&he amplitude
in question can always be written as

- n d?k; R N I . o, ]
_.I:I)/AW (P9, m.3) 11:[1 i(p. g, M) )
where

e [(p—q;)2—m
and

| = number off structures

n = number of loops.

Note that we have explicitly separated the terms involving the external mo-
mentum in the denominator, from which nonlocal divergent contributions can arise
after integration over the internal momenta. The strucR(e, q, m, 1) contains
all other ingredients of the amplitude such as coupling constants, results of Dirac
traces, and so on.

For simplicity we adopt the following notation

I = (ITR)(ITf) (9)
where
(nR)zﬁA%R(p,q,m, 2 (10)
and
|
mf) =T fi(p aj, m. (11)
j=1

As discussed before the source of all possible troubles in the renormalization
process will arise from the structurél {). Our method focus attention on these
structures. In order to clearly separate finite, local divergences (whose dependence
on the external momenta is only a polynomial) from the nonlocal divergences we
use a strategy which is completely based on the identity (2).
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We define the operatdf® which acts on each structurfein the following
way

.4_2
Tof= L 2P G p{ : } (12)

@?—m2  (q?—m?) [[(p—q;)?—m?
1 2p-q-p)  (2p-q - p2)2{ 1 }
T = ) J 13
e @ m | (@-mep lip-ayr-m
rep_ 1 L @p-a-p) (p-g-—p
A -m o (@F-m)?  (oF-m)]
2p-q; — p?)° { 1 } y
i (@2 -m2)> Ll(p—a)?—m [’ a4

Note that the action of the operafbP is equivalent to a Taylor expansion around
zero external momentum where the first terms are kept and the rest of the series is
resumed, yielding thus a convenientidentity. Note also thatthe degree of divergence
of the various terms is decreasing.

The procedure we have in mind consists of applying the operation, in a par-
ticular amplitude with superficial degree of divergerizeto each functionf;

|
TPr = (MR [ [ TP fi(p, a5, mP). (15)
j=1
The result of the operation will always have the form
T2 f(p,q,m?) = f%(p, g, m*) + £™(p, g, m?). (16)
We define
D
f™(p, g, m?) =" f'(p,q,m?). (17)
i=0

Let us exemplify. Take a quadratically divergent amplitude. To each contribution
of the form

1
(p—qj)>—m?
we associate
fam) = o= 0 (18)
2p-g— p?
ti(p,gm)="29"F (19)

(@” — my?
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2p - Qq)?
(p.q.m) = S (20)
and
tinp, g mey = P APP-9) (2p-q - p%° 21)

(@ —m?)® (42— m?[(p — q;)? — M7
The definitions (18), (19), (20), and (21) are not unique. It is simply convenient

for our purposes. Using these we rewrite the amplitude as a sum of various con-
tributions. According to our notation

TPr = (MR [ [[f™(p, a, m?) + f"(p, g, m?)]. (22)
j=1

In this way we can identify three distinct contributions for the amplitude
T DF = Fflin + 1—‘Iocal + 1—‘nonlocal (23)

where
|
Ty = TR ] f(p, g, m?). (24)
j=1

The second contribution contains only local divergences and, for some particular
(ITR) structures, it can contain finite contributions too. It is identified as

[
Ciocal = (H R) 1_[ fjdlv(pr °F mZ)
j=1
= 1—‘fzin + 1—‘Idoigal' (25)
These local divergences correspond to counterterms which are characteristic of
the order we are renormalizing. For example, they can have the form
d*k 1

A (271)4 k2 — m?
The last term in equation (23), namely the cross-terms, contain finite contributions
as well as “nonlocal” divergences.

Inonlocal= Ff:i)’n + Fgg’nlocat (27)

These nonlocal divergence contributions will always appear due to the divergent
subdiagrams (beyond two-point functions) contained in the graph. As we will
show next in a particular example, the renormalization of previous orders will
always allow one to cancel these contributions if the theory is renormalizable. In
the present scheme the result is automatic and follows from the operation we have

+ P?liog(M?) + finite part (26)
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just defined, in an algebraic manner. There is no need for graphic representations
of relevant contributions, although it is possible.
The renormalized amplitude say nithloop order, can therefore be defined as

Fgw) _ TO®) _ pdv(n) _ v

local nonlocal

1 2 3
= T3 + T + T (28)
where the contributionﬁldoiggl‘) and Fgg’,ﬂgcal contain the counterterms typical of

ordem as well as the counterterms coming from divergent subdiagrams of previous
order as will become clear in the examples. Notice from the equation above that
our framework automatically delivers the counterterms

1 di di
Ier = _Flo“clal - 1—‘n::\;nlocal (29)

and just as in BPHZ, subtracting off the necessary counterterms leaves us with
the finite part of the amplitude. The main difference between our method and
BPHZ is that we never modify the original Feynman amplitude, since we use an
identity at the level of the integrand and BPHZ, a Taylor expansion. An immediate
consequence of this difference is that in the present procedure symmetries can
always be preserved as has been shown in Battistel, 1999; Battistke| 1998;
Brizdaet al,, 1999; Sampaiet al., 2002; Scarpellet al,, 2001.

Now we proceed to evaluate the second class of diagrams, namely those
which contain two-point functions as subdiagrams. Let usl¢alll the two-point
diagrams contained in a given amplituddt is easy to see that they can be factored
out inside of the total amplitude in the following sense

C=a 1_[ Rjzj(l) (qu) (30)
>jev

whereR; stands for the remaining pieces in the amplituglesharacterizes a
specific two-point functiong; is one of the integration momenta (but external to
>_;)- Now since the operatiofi °T" is an identity, i.eT°T = I" we can define
the partially renormalized amplitude (with all two-point function subdiagrams
properly renormalized) as follows

[ =T +T3 (31)
therefore we have
rr= [ R»y[oPm? - Ale?] (32)
all 3°;eu

andr‘éT are all counterterms characteristic subdiagrams involving two-point func-
tions.(SJ(')m2 stands for the mass renormalization a@nﬁﬁ for the wave function
renormalization. Explicit expressions for these objects will be given in the follow-
ing section where a specific example is worked out. In order to get the renormalized
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amplitude of orden from T one proceeds in the same way as for diagrams of class
one defined above. We thus have

local — * nonlocal
=TI, +T2 +T3. (33)

The whole procedure will become apparent in the concrete example of the follow-
ing section.

3. )\gbg THEORY AS AN EXAMPLE
Consider the.g$ theory Lagrangian,

L= % [8,.00(x))? — mag3(x)] — %ﬁg(x) (34)

Itis easy to show that a Feynman graph in this theory has the superficial degree of
divergenceD written as

D=6-2N (35)

whereN is the number of external legs. This means that only Green’s functions
with N < 3 are divergent. For the one-point functions we will assume that we can
impose the conditior0 | ¢ | 0) = 0 at all orders and we will not worry about one-
point diagrams. We will just work with the two- and three-point Green'’s functions
which possess quadratic and logarithmic divergences.

We will effect the renormalization through the redefinition of the Lagrangian
parameters as:

o= +Z49 (36)
m3 = Zyum? (37)
ro = Z3A (38)

which allow the Lagrangian to be rewritten as

L=Lr+ LcT (39)
where
L — 1 b 2 242 A 3 40
F—E[(m —m¢]—§¢ (40)
and
_} B 2 _ 2,21 (9325 i 3
Ler=35 [(Zy — D)@.0)* = (ZpZm — 1)m*9?] (Z¢ 2 1) 37 @)
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At the nth order one has
Lor=L3+ £+ .Y (42)
We effect the renormalization at each order imposing the conditions:

¢ Relative to the propagator

Dr1(0) = —m? (43)
and
ad
—DH(pY)| =1 (44)
‘apz R p=0
¢ Relative to vertex function
—iMg(0) = —i A(1 + finite corrections) (45)
We can rewrite the bare Lagrangian (34) as
1 A
L= [(L+ A)@.9)* — (M*+smH)p?] — (1 + B)§¢3. (46)
in order to identify the renormalization constants
z =14 A" (47)
(n — 2 (Mm2
AR 26 mz(m +5Wm?) (48)
1+BM™
m_ " — (49)
AT (M) 3/2
(25")

at each order by imposing renormalization conditions. Since, in practice we renor-
malize each diagram of the given order, the counterterms can be written as

a
BM =" +B" (50)
j=1
b
AD =3 Al (51)
j=1
b
8(n)m2 — ngn)mZ (52)
i=1

herea, (b) is the number of three (two)-point diagrams which contribute to ander
At the nth order the inverse propagator function is written as

DRY(p?) = PP — m* — 5R)(p%) - 5L(PY)....
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—5MWm2 1 AM p2 _ E(ﬂ)(pZ) (53)
and the vertex function as
~iMg(p, P) = —iA{1+ V&(p, p) + V(P P)...
+V®(p, p)+ BM}. (54)

Using the technique in each diagram contained irtfi#( p?) and in thev ™ (p, p')
amplitudes we separate the local divergent part and identify all divergent substruc-
tures. Imposing renormalization conditions we can always idedtif}, s(Wm?,
andB®.

In order to identify the counterterms of the order in question and to write the
nonlocal ones in terms of divergences of lower orders, showing thus that one need
not worry about them, it is convenient to define the following functions:

e Relative to vertex correction counterterms (tyjpdiagrams)
IBJ(n) — (—ik)2”+l(i)3”||(n) (m2, A)

ogl
= e 5)
where
n n do;
h&ﬁM=HA@$ﬂm&w%mﬁ (56)
with
YO (Ky, Ky, . . . Kn, M?)
n 1
= ]
Forn=1
Q=1, (58)
otherwise
Q= HMKKMZWJ' 9)

Notice that what we have defined here are generalizations of the simple
one-loop logarithmically divergent integrmg(mz) which we encountered
in our one-loop example.

e Relative to all finite contributions to vertex corrections (tyjpdiagram),
which correspond to the renormalized diagram

fin
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. . n deki
2n+1/:13n l—[ =(n) k ' m? 60
= (—l)\,) (l) I 1/ (2 )6;_4 (k_‘]_, ey y p, p! )~ ( )

¢ Relative to the finite contribution, defined in Eq. (24) for the overlapping
diagrams

n
i = (MR [T £™(p, ki, m?)
i=1

B (—ik)zn(i )3n—1 n d6ki

O (ky, ..., K 7). (61
2 1 (27-[)60 (11 y \ny pim) (6)

In each order there will appear new types of divergent integrals. Therefore
throughout the text we will define some new divergent integrals similar to the ones
above (Eq. (56)). These guantities are always independent of external momenta.
Next we apply the procedure to all diagrams up to two loops in order to exemplify
how the method works.

Tonthorder it suffices to treat four cases, the first related to the vertex function
and the others to the self-energy, which contain the overlapping divergences, two-
point functions as subdivergences, and nested two-point functions.

3.1. Three-Point Functions
3.1.1. The One-Loop Order

The vertex correction has only one contribution at one loop level whose
diagram is depicted in Fig. 1. The corresponding amplitude is

r=-iv®(p, p)
dbk 1
= )‘3/ 6 (K2 2 2 2 2 27 (62)
a (27)° (k2 —m?)[(p — k)? —m?][(p’ — k)? — m?]
Using the notation introduced in section 2 we write

_ivO(p, p) = /A

(gj;e Rk, m%, 2) f(p, k, m?) f(p/,k,m?)  (63)

Fig. 1. One-loop vertex correctioriV ) (p, p').
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with

)\'3
(k2 —m2)
According to IRT we write, given that the divergence is logarithmic and therefore
D=0

R(k, m?, 1) = (64)

—iITOV®(p, p) = [igta + Ty + iy (65)
(recall that in this casg2, = I'dv. = 0) where
Iocal = / Tk Rk, m?, ) £o(k, m?) f°(k, m?)
ocal A (27.[)6
S dk 1

= ), @op e —moe
— )\.3| (1)1(m2’ A)

log
=iB®W (66)
and
Mr=T4 +T3
=23 / %E(D(k, p, p/, m?) (67)
with

WBEORK, p, p, m?) = Rk, m?, 1){ ™ (k, p, m?) {™"(k, p/, m?)
+ 19, m?) £ (k, pf, m%)
+ £k, p, m?) £k, m?)}. (68)

Notice that the finite part of this diagram contains the cross-tefign$;, in
since its integral is finite.

3.1.2. The Two-Loop Order

Three diagram types contribute to the vertex correction at two loops. The total
amplitude can be written as

—iv@(p, p) = =3iV2(p, p) = iV(p, p) —iVS(p, p).  (69)
In this order the counterterms will be identified as

B™ =3B% + BY + BY. (70)
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Fig. 2. The two-loop vertex correction contribution Vl(z)(p, p).

The first amplitude’avl(z)(p, p’) corresponds to the diagram in Fig. 2. This di-
agram contains a quadratic divergent subdiagram (a first-order, two-point function
correction). It can be completely separated in terms of the internal moméatum
as mentioned before. Then

r=-iv{(p. p)
0o, (%0
~n @0 (G — me)I(p — ka2 — mell(pr k)2 — ]
x {iz® (k3)} (71)

wherei Z(l)(kf) is the one-loop self-energy amplitude. The one-loop renormalized
self-energy is

=9 (k) = =G(K) + 2D (K3) (72)
where
2O (k) = sWm? — ADK2, (73)

Thus the amplitude containing no two-point function substructure is directly ob-
tained as

[ =T+Tg
_ dbk, (—in)3(3)*
Ja @ (& - m2)? [(p — k)2 — MA(P — k)2 — 7]
< iz@0)} . (74)

All possible nonlocal divergences in this case will be canceled when we consider
the one-loop renormalization. Next we use the IRT for the logarithmic divergence.
In our notation we obtain

—iTor =T+ Th + T3, (75)

local
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with
dbk: —in)3(3)*
26 R(ky, ko, M2, 1) = ('7)(')2
(2r) (k2 — m2)
The explicit expression fdrzg)(kf) will be given in Eq. (107). Using the above
expression folR(ky, m?, 1)

{i =@ (kf)} — R(ke, %, 4).  (76)

. dSk
Tt = | mys ROk 2 2) o0k, ) £k, )
= (=A%) 2 (m?, 22, A) = iBP. (77)

We have just defined another logarithmic divergent quantity which is characteristic
of the two-loop order. Note the explicit appearance of coupling constant. This
should emphasize the fact that the amplitude depends on a two-point function
subdiagram, which has been properly renormalized. All counterterms possessing
such type of subdiagram will look like this.

@y = [ T fixe (@) (78)

|Og 2 (27_[)6 (k% _ m2)4 R 1

The finite part is

- dbk .
i+ = / ﬁR(kl, m?, W){ fO(ky, m?) f(p', ky, m?)

+ fﬁn(p, kl! mZ) fo(k]_, m2)

+ £™(p, ky, m?) £, ke, 7). (79)
It is not necessary to give explicit expressions for the finite part and therefore we
make explicit the divergent contributions only.

Now we consider the diagram corresponding to the second contribution
—iv/2(p, p') which belongs to class one (Fig. 3). The amplitude reads

. / dk, [ dk
V0.0 = | G | s Rk e )
x f(p, ke, m?) f(p', ke, m?) £ (p', ko, m?) (80)

Fig. 3. The two-loop vertex correction contributiea Vz(z)(p, p).
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with
(—ir)>(i)°
R(Kk1, kz, m?, 1) = . 81
(kb % 2) = (e~ ) (1€ — ) (ke — k)? — P (61)
Using the IRT we have
—iT°V1(2)( p,p)= F|d0i\cla| + Fflin + nonlocal (82)
where
Migea = (=12)%0)°169 1%, A) = 1B
dSk, [ dbks (—i2)5(i)8
A (27)8 J5 (27)8 (k (k2 m2) (k2 — m2)2[(k1 — ko)2 — m?]
6
= iy [ 2R [ o g, m), (83)

a (27)° Jy (2r)°

In this type of structure (to all orders) the nonlocal contribufigphieca Will have
the form

Fnonlocalz I‘fSin + Fgg/nlocal (84)
and in this case we have

%k, [ d /
gg’nlocal (- I)‘) (i )6/ = (27T)16/ (277)26 E(1)(kl' P, P, mZ)T(l)(kza mz).
A

(85)

Note that this term is completely written in terms of one-loop contributions already
considered. Therefore it poses no problem to renormalization. This particular ex-
ample illustrates a basic difference between the present method and others: The
subdivergences need not be previously identified. They appear algebraically. In
cases where it is simple to identify the subdivergences, this is not necessarily a
great advantage. However in higher orders it might become considerably simpler
to identify all divergent substructures in an algebraic fashion. In fact, as will be-
come clear in what follows, the procedure is designed to display all relevant (to
renormalization) subdivergences. The finite contributions can be written as
r@—r®, r®

fin fin
d®k; d®k,

oy | @t Kuke PP (80)

= (=i1)°()°

with
g = (=i 2)%()°E@(ky, ko, p, P/, mP)
E = R(Ky, ko, M2, 2) x { £1"(ky, p, m?) £ (ke, p/, m?) £ (ko, P, MP)
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k1 p'-p'kr k2

Fig. 24. The two-loop vertex correction contribution
-iv@(p, p). P

+ £O(ky, m?) FOky, m?) £ (ky, ', mP)
+ fo(kl. mZ) fﬁn(kl, p/, m2) fﬁn(kz, p/’ mz)
+ " (ky, p, m?) fO(ky, m?) £ (ky, P/, m?)}
(—i2)3()%(2ky - ko — k3) E@(Ky, p, p', m?)
(K — m?)°[(ks — ko) — m?] '

(87)

The last term in the above equation is obtained by using the operation (12) consid-
eringk; as external momentum. This is necessary to identify the one-loop structure.
The last two-loop diagramivgfz)(p, p’) is depicted in Fig. 4. The corre-

sponding amplitude is

Siv@p )= [ [ e k) (k)
3 H - A (27-[)6 A (27-[)6 11 21 il il 11
X f(p/v k21 m2) f (p - p/v kl - k21 mz)} (88)
with
(—i2)°(0)°
R(ky, ko, m?, 1) = . 89
( 1 2 m ) (k% _ m2) (k% _ mz)[(kl _ k2)2 _ m2] ( )
Using the IRT we have
—iTVP(p, p) = I, + Ik (90)

where

v _i)LS/ d6k1/ d®k, 1
local A )8 Ja (27)° (k2 — m2)? (k2 — m?)°[(ky — k)2 — M2
=i2°1@ (m?, A) =iBY. (91)

We defined above another logarithmic divergent quantity. This diagram type is
often called a primitively divergent diagram. Note that there are no subdivergences.



2782 Gobira and Nemes

P
k, Pk,
kot kake Api,
ki L Ark
K 4 Kke o { oy
P Py
Fig. 5. Then-loop vertex correction contributionivl(”)(p, p).

3.1.3. The N-Loop Order

As discussed before we now consider only one contribution of each kind.
The vertex type contribution depicted in Fig. 5 is the first one. It will appear
as a substructure of the overlapping self-energy diagram which we will also
consider.

The amplitude corresponding to the vertex correction in Fig. 5 is

—iv(p, p') = (TR)(TTf) (92)

with

(27)8 k2 — m2

(HR)=(—iA)2”“(i)3”{l£[ / I }Q(kl, ki, M%) (93)
j=1/4

where Q is the same function as defined in (58) and (59). The subscript 1 in
Vl(“)(p, p’) refers to the fact that only one diagram is being considered (type 1).
The external momentum dependent p&rf § is given by

1 4 1
(“f)z{(p—kl)Z—mZ}J-Ul{(p/—kj)z—mz}' ®Y
Using the IRT, we get

TO(Hf) = {fo(klv mZ) + fﬁn(klv p! m2)}

x [ T110k;, m?) + £"(k;, p/, m?)}. (95)

j=1

In the same way we have

—iTovl(”)(p, P') = Ciocal + Fflin + Cnonlocat (96)
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Sincel'z, = 0 we can write

d' .
rov, =i

local

(TTR)(ky, m?) ]‘[1 f2(k;, m?)
=

— (—I )\)ZrH-l(i )3n| gg 1(m2’ A)

_ ( I)\)2n+1(| )3n l_[ d kJ

7= )6T”(k1, ko, ... Kn, M?) (97)

and
Chonlocal = l—‘f:‘i;n + lﬂgglnlocal (98)
where

dbk;
onlocal_ ( I)‘)zm_l(' )3n H (271,)]6

n-1
x Z E@(ky, ... kai p, P )T D aya, - kaym?). (99)

Note that the above equation contains subdivergences which have already appeared
at lower orders and have already been included in the Lagrangian. Here we clearly
see that the application of the method displays all the subdivergencies in an alge-
braic way. Moreover it stresses the inductive character of the method. If we assume
that the theory is renormalized at £ 1)th order, the contribution atth order will

solely depend on structures (finite and divergent) which have already played their
role at lower orders. Also it is noteworthy thall divergencies and finite parts

of all previous orders play an important rolereh order. The above expression
clearly displays a difference between this method and BPHZ. In BPHZ one would
have to deal with the detailed topology of the diagram first. Here the counterterms
appear algebraically. This simplicity may be due to the example we are working
with. However, it constitutes even in this case a notorious simplification.

3.2. Two-Point Functions
3.2.1. The One-Loop Order

The self-energy has only one diagram contribution at one-loop level which
we identify in Fig. 6. It corresponds to the amplitude
2 6], .
PO sy :
2 Ju (27)° (k2 —m?)[(p — k) — 7]

(100)
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P-k
P p
k Fig. 6. One-loop self-energy=®(p?).
where
A2 1
2 -
R(k, m%, 1) = D) (101)
Using IRT we have
(T2izO(p?) =V, + i (102)
with
av _ MW, o 2[4 a2 @ (2
Flocal = E Iquao(m ) A) + p g/u)é ||og (m ’ A) - llog 1(m ’ A) ’ (103)
where we have defined
d®k 1
1D (m2 A) = - 104
quao(m ) A (27.[)6 (kz _ m2)2 ( )
and
d®k k#kY
POm2 A= | — 105
oo (M A= | Goys G — oy (109
The finite part is
A2 dbk
1 _ _ o (1) 2
rfin—FR—E WO (k, p, m?)
[ d% ()
T2 (27)8 (k2 — m2)4
6k 2p -k — 2\3
d (2p p°) (106)
(27)8 (k2 — m?)*[(p — k)2 — m?]

The explicit calculation of the integral in the above equation leads to
A2
4 (4m)3

whereF (m?, p?), for p? < 4m?, is given by

/ 2 _ p2 2 _ p2
F(mZ' pZ) — u |:2 arctan(#) _|_ﬂ—j| _ 2 (108)

Mr =i 3(p%) =

[ -amrer, - 21 aon

|pl Pl
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and forp? > 4m?,

F(m?, p?) = —

V2 —4m [ (|p| - /p? —4m? _
S| lpl+m 2. (109)

We now summarize the results obtained so far for one-loop renormalization,

iA v
AD = > { oga(m?, A) — _glwllo D, A)} (110)
sOm2 — . ||éﬁ)ao(m2' A) (111)
and
B — _jx2?] (1)1(m A) (112)

wherel & (M2, A), 11 @(m?, A), andI (. m?, A) are defined in (56), (105), and

(104), respectively.
3.2.2. The Two-Loop Order

Two types of diagram contribute to the self-energy correction at two loops.
The total amplitude can be written as

=A(p?) = 25P(p%) + =P (p?). (113)

Here the counterterms to be identified are
AR =22 L AP (114)
5@m? = 25Pm? + 5Pm?. (115)

The first amplitudézEf)( p?) corresponds to the diagram in Fig. 7. This is the same
case that we have seen in Eq. (71). Considering the one-loop renormalization we
can write

dk (=in)2(0)3
(271)° (12 — m?)*[(p — ka)? — 7]

F=izP(p?) = [i=@ ). e

kik,

Fig. 7. The two-loop self-energy contributidmgz)(pz). Pk
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Then we apply IRT and obtain

iT25P(p?) = Tl + Ty (117)
in which
Tiea = A {'éﬁéd Am?, 2%, A)
49,0 | o
Rl (SN RN | D
and
d®k, 1
1@ (m?, 22, A) = — = tix®®? 119
quadz(m ’ ’ ) A (27_’:)6 (k% _ m2)3 {I R ( l)I ( )
dk kHkY
| (m?, 32, A) = el L2 W 120
log2 (m ) N (27.[)6 (kf _ m2)5 {I R ( 1)} ( )
whereas

— [ dS p*
1 _ 42 1
lﬂfin = (27.[)6 { (kf . m2)5

2p-k — p2)3 .
(k2 — m?)[(p — k)2 — m?] } =R}

The second amplitudéEg))(pz) corresponds to the diagram in Fig. 8.
It reads

i2@(p?) = A &R(k ko, M2, 1) £(p, ki, m?) f (p, ko, m?)
O Ja @) Sy @ T T s
(122)
with
2,y _ 1 (=in*i)°
R(k, ko, m%, ) = > [ (1 —17) (& — ) (ke — k)PP | (123)

Fig. 8. The two-loop self-energy contributidmf)(pz).
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The same procedure enables us to write

o _ 1M e o
Llocal = o {Iquad 1(m )
4 v v
o e Gt n) | aze
where
1@ 2 ) = d®k, d®k;
ad BT )y @18 Ja (2)8
1
X 5 5 (125)
(kf — m?)” (K — m?)" [(ky — kz)? — m?]
d®k d®k
1v(2) fn2 _ 1 2
ool (M) = | e |, e
Ko ks
x 5 22 (126)
(kf — m?)” (k& — m?)" [(ky — kz)? — m?]
and the finite part coming from this contribution is
, it
Tfin = 7(|1+2|2+ I3) (127)
with
6k 6k 4
l= : 16 : 26 3 s 3 (128)
(27)° ) (27)° (k2 — m2)” (k& — m2)” [(ky — kp)2 — m?]
6 6 _ArA(D . k)3
Lo [d k16 d k26 i 4p (|04 k2) (129)
(2r)° ) (27)° (k2 — m2)” (K3 — m?)" [(ky — ko)2 — m?]
6 6 K2(D . k)2
Lo [ 3 |<16 d k26 416(|o k) Sp k) (130)
(2m)° ) (27)° (k2 — m2)" (K5 — m?)" [(ky — ko)2 — m?]
Inonlocal = 1—‘f:?n + 1—‘rc:ti:\)/nlocar (131)
In terms of function®®(k;, p, m?) andY®(k;, m?) we can write
di (—in)*4i)° [ d% d%; [ 2\~ (1 2
Iﬂnglnlocalz 2 A (27[)6 A (27[)6 {®( )(kL p, m )T( )(kZ, m )
+ 0W(ky, p, M) T (ky, m?)} . (132)

Note thatY® is (the integrand of a) logarithmic divergence, which, in DR would
give us Ve and when multiplied by the remaining pieces of the amplitude would
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produce the celebrated termpf/e (Kaku, 1993). The (other) finite contributions
are

(=i [ d% dk;

1 _ (2 2
Ciin > @) (271)6@ (k1, k2, p, m?) (133)
and
. (=iA)Ai)°> [ dbky dk,
fin = 2 (2n)8 | (27)8
2ky - ko — K2
X {®(1)(k1, p, m?) 31 21
(k2 — m2)° [(ky — k)2 — m?]
2Ky - ko — K3

+00(kz, p, M)
P (e — ) [(ke — ko) — 2]

dbk; dbk,
+f W/ e ke )

x 1(p, ke, MA)[ f1(ka, M?) + fa(ka, M?)]
+ 17(p, ko, M) ke, M) + Falke, M2} (134)

Summarizing, the two-loop renormalization constants obtained are,
T4 2 2
AP = > [éguvllg;(l)(mz, A) — ||gg; 1(m?, A)

4
+22 [ég,w liog 2 (M, 2%, A) — 159 (P, 2, A)} (135)

og 2 log
@) 2 Mo o 2/@ (2 52
5“m® = — Elquadl(m s A) 4 A%l guag dM7, A%, A) (136)
and
2 2 2
B@ — 34 [hgg (2, A) + 13 y(m?, A)] + 2@y m?, 02, A)  (137)
where
2 v(2 2 v(2 2
1212, A), s @(m?, A), 13 (2, 22, A), 1@ (m?, 22, A), 15 52, A)
and
2 2
| §nadMP, A), 15?32, A)

are defined in Eqgs. (56), (126), (78), (120), (91), (125), and (119), respectively.
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p'kz IJ':I‘CN-I
p_
2 N
P ke ok P
T K
k§k3
kl kN
kz k3 kN—I

Fig. 9. Then-loop self-energy contributions " (p?).

3.2.3. The N-Loop Order

Let us first consider the overlapping self-energy diagram of Fig. 9. It corre-
sponds to the amplitude

i2{"(p?) = (MR)(1Tf) (138)
with
(=iait [ o d%; 1
(H R) = # { (27T)6 k2 } Q(kl ’ k|+la m ) (139)

The external momentum dependent part is

(If) = ]‘[ w (140)
Using the technique we have, as usual
iT25{"(p? = '}, + Ciocal + Tnonlocal (141)
where
ri = w jnl %8(“)(k1, Kz, ... kn; p, M?) (142)
and

1—‘Iocal = 1—‘fzin + Fdiv

local

- (HR)ﬁ{fo(kj,mz) + 1k, m?, p) + 1k, m?, p)}.  (143)
j=1

In this case we havE2, # 0. The counterterms characteristic of tith order are
identified in the equation

rity =1 (07— ADR).
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The nonlocal part is

Inonlocal = l_‘f3in + Fgg’nlocar (144)
where
AR G L O O AL
nonlocal 2 i1Ja (271)6

n-1
» { O@(Ky, ka, . . ., ka; P2, MY (ko 1, .. ., kn, MP)
1

a=

n-1
+ YOy, ko, - ke M)O@ (Knara, -, kny P2, M)

a=1

n—1
+ ) YO, ko, ki MP)O@ (Ko, ., Kaj PP, MP)

a,b=1
x YOOy q, ., Ky MP) (145)

From the above equation it becomes clear that the renormalization of the self-
energy tonth-order requires all finite functions defined in previous self-energy
diagrams (up tor{ — 1)th-order) as well as all the divergent contributions of the
three-point functions also to the ¢ 1)th-order. We may associate a graphical
representation to the equation above and, in this way, compare with the BPHZ
results. The first term in Eq. (145) contains a summef 1 terms comprising

a finite functions of the type® multiplied by then — a divergent vertex-type
functions. The second term is symmetric to the first one (the vertex functions and
functions® swap sides). Finally the last term contains vertex corrections to the
left and to the right and finite functions in the middle. This can be best visualized
in the graph which follows (Fig. 10).

Notice that in the present procedure no special treatment has been given to
the overlapping divergencies or to the nested ones, both appearing in the self-
energy. The reason is that the algebraic procedure produces only disjoint divergent
contributions.

In order to complete the renormalization of this theory we will still consider
two cases, both belonging to the second class defined previously. Firstly we con-
sider a specific case where two-point functions explicitly appear as subdivergences
(see Fig. 11) and the other is an amplitude containing an overlapping divergence
diagram as substructure (Fig. 12). As we mentioned before, the total integral con-
tains the two-point function substructures in factorized form. We therefore effect
the renormalization of the internal propagators directly using the counterterms
of order. In this way we immediately obtaln Let us first consider the case in
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Fig. 10. Graphic representation of Eq. (145).

Fig. 11. This diagram contains subdiagrams involving nested two-point functions.
Following the prescription which display the renormalized contributions of previ-
ous orders we get

= .n1 .M

r = |22’bi122 (p?)

dbk 1
= CRR0F [ o 2

A (27)° (k2 — m2)" [(p — kn)2 — m?]

xi {12507 (1) + 67 Pm? — AT Di2) (146)

P- k,

Fig. 11. Then-loop self-energy contributior={" (p?).
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Pk,
kN'.lkN.l
y kN'.lkN
p
X kN_-IkN }—%———)—
kNv|
Lk,
k3 krm

Fig. 12. Then-loop self-energy contributiohzén)(pz).

with
d®k,_1 1

s (n-1) _ i i
220 (k) = G0 | o (K2, — m?)2[(ky — ko _1)2 — 2]

< {12,202 () + o8 m? — AP, L (147)

.32 o . d6k2 1
=27 (k) = ( 'A)Z(')S/A (27)° (1 — m?)° [(ks — ko)2 — 2]

x i {T2=® (K3) + 8.m? — A3} (148)

d®k 1
i =D (K3) = (=i1)2(i)> / L . (149)
(<) A (27)8 (k2 — m2)2 [(ko — k1)2 — m2]
We can substitute the terms in brackets by renormalized function
Tor (k) = TR
= Te x5y (k) + of PmP AT, (150)

In this example the two-point function counterterms can be obtained for any order
n>1as

i80'm? = (—in)%()? /A

S50 ()] (151)

d®k, 1 {

(27)° (k2 — m2)°
dky Kk,

A (27m)® (k2 — m2)5

iAD = (<i2)()° { gg =5 ()]

dbk;, 1 =
- AWW{IzéR l)(kﬁ)}}- (152)
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Finally we will consider the type 3 diagram (which contain a type 1 diagram)
shown in Fig. 12. The corresponding amplitude reads

1

2 —m2)?[(p — kn)? — M?]

{i s (kﬁ)} .

(153)

Note that since the structufg(ln_l)(kﬁ) can be renormalized ah - 1)th order
(see first example of orde), thenthorder structure will also be renormalized by

(N N2 dbk,
E00) = 0 [ .

ardv . Its counterterms have the same form as in the previous example. They
are
i80m? = (—in)2(i)°® A (‘;2()“6 Flmz)s [i Pl ) (kﬁ)} (154)
iAD = (i2)%()° {gg““ A gik)‘;ﬁ [i=&? )]
-/ (dzi—k)”(im [i=G (kﬁ)}} . (155)

Note that in this case the three-point function subdiagrams have been renormalized
together with the two-point subdiagram, since it is contained in the latter.

4. MOMENTUM ROUTING INDEPENDENCE

In the examples of the previous sections we have chosen the momentum
routing in such a way as to obtain the simplest form for the final expressions. Of
course, the counterterms so obtained must be independent of the particular routing
one chooses. In order to exemplify this we consider the last example given (type 3
diagram). One of the possible choices for the momentum routing would be to
arrange the labels in such a way that external momentum is present in an internal
line of the diagram as follows

dbk, 1
r ) (12 = m2)° [(p — kn)? — m2)?

1 25(p?) = (i)’ [i=0 2 - k2]

(156)
and also,
d®k, 1

-« (n) = (—i [
R N T

{i s (k?,)} .

(157)
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These two labels must be equivalent, so that the amplitude is momentum routing
independent as it should. Note that if the amplitude were finite, this could immedi-
ately be accomplished through a shpft- k, = kj,. However, since the amplitude

is quadratically divergent, shifts are not allowed without the inclusion of surface
terms. This point has been extensively discussed in our method (see Battistel,
1999; Battistekt al, 1998; Scarpellet al, 2001) and a similar procedure can cure
this problem in the present model. More difficult would be theories with gauge
symmetries and work along this line is in progress. Note that in Dimensional
Regularization the problem does not appear since shifts are always allowed.

5. CONCLUSION

We have considered (in the self-energy) all possible complications which
usually appear in renormalization procedures: Overlapping divergences, nested
divergencies, and disjoint ones, all in the same grapHabps. We have explicitly
shown how these problems can be systematically resolved order by order within
our technique in a simple example, devoid of symmetries abelian or not. However,
several general aspects of the method can be learned already from this simple case:
There will always be a divergent (local) order dependent contribution. Also, there
will always be a finite contribution composed by the product of all finite parts of
fi's. These two structures (divergent and finite) are typical ofrtitieorder and
pose no problem for renormalization.

As we have seen in the examples given, the identities we use in the integrand
leave us then with crossed products of divergent and finite contributions. All possi-
ble combinations will appear and all of them can either be recognized as structures
(finite or divergent) already encountered in lower order amplitudes or they will
give a finite contribution.

In summary we have presented a completely algebraic method of perturbative
renormalization. All counterterms appear automatically, and present a close cor-
respondence to BPHZ where graphical representations are essential. We feel that
if our method also works for abelian and nonabelian theories this could be a major
advance. At the one-loop level we can preserve gauge symmetry if use is made of
relations involving divergent integrals of the same degree of divergence (Battistel,
1999; Battistelet al, 1998; Scarpellet al, 2001). The difference among those
integrals is the source of both ambiguities and symmetry violations. The results
we got at one loop are encouraging. We are working on the application of this
method at the two-loop level, the Quantum Electrodynamic (QED).

We see that the application of this method leads to a relatively simple renor-
malization procedure. There is no need for a graphic representation of the relevant
contributions. When a diagram has divergent subdiagrams the subdivergences need
not be previously identified because they will appear in an algebraic way. The pro-
cedure displays all relevant subdivergences. Investigations of advantages of the
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present method (if at all!) over the existing ones remain as our main research
interest right now.
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